The Parker Instability with Cosmic Ray Streaming by Heintz, Evan & Zweibel, Ellen G.
Draft version May 7, 2018
Typeset using LATEX twocolumn style in AASTeX62
The Parker Instability with Cosmic Ray Streaming
Evan Heintz1 and Ellen G. Zweibel1, 2
1Department of Physics, University of Wisconsin - Madison, 475 North Charter Street, Madison, WI 53706, USA
2Department of Astronomy, University of Wisconsin - Madison, 475 North Charter Street, Madison, WI 53706, USA
(Accepted April 30, 2018)
Submitted to ApJ
ABSTRACT
Recent studies have found that cosmic ray transport plays an important role in feedback processes
such as star formation and the launching of galactic winds. Although cosmic ray buoyancy is widely
held to be a destabilizing force in galactic disks, the effect of cosmic ray transport on the stability
of stratified systems has yet to be analyzed. We perform a stability analysis of a stratified layer for
three different cosmic ray transport models: decoupled (Classic Parker), coupled with γc = 4/3 but
not streaming (Modified Parker), and finally coupled with streaming at the Alfve´n speed. When the
compressibility of the cosmic rays is decreased the system becomes much more stable, but the addition
of cosmic ray streaming to the Parker Instability severely destabilizes it. Through comparison of these
three cases and analysis of the work contributions for the perturbed quantities of each system, we
demonstrate that cosmic ray heating of the gas is responsible for the destabilization of the system. We
find that a 3D system is unstable over a larger range of wavelengths than the 2D system. Therefore,
the Parker Instability with cosmic ray streaming may play an important role in cosmic ray feedback.
Keywords: cosmic rays, instabilities, ISM: magnetic fields, ISM: structure, plasmas, waves
1. INTRODUCTION
Cosmic rays are crucial for understanding many im-
portant phenomena in galaxies. Cosmic rays affect the
dynamics, energy balance and chemistry of the interstel-
lar medium (Grenier et al. 2015; Zweibel 2017). Cosmic
rays are emerging as a major form of star formation and
possibly black hole feedback, along with radiation and
thermal gas pressure. They may drive galactic outflows,
help form large-scale structures like the Fermi Bubbles
(Guo et al. 2012; Yang et al. 2012), and play a role in
galactic dynamos (Hanasz et al. 2009, and references
therein). In this paper, we are primarily concerned with
the effects of cosmic rays on the launching of winds and
the suppression of star formation, which we refer to col-
lectively as feedback.
In order to better understand these phenomena, cos-
mic ray transport models have become a crucial area of
study. There are many different treatments of cosmic
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ray transport, and it has been shown that feedback is
sensitive to which one is adopted. For example, Uhlig
et al. (2012) and Salem & Bryan (2014) showed that
if cosmic rays are locked to the thermal gas they are
less effective in driving a wind than if they can diffuse
(Booth et al. 2013), while Ruszkowski et al. (2017) found
that if the cosmic rays stream relative to the gas they
are more effective at driving a wind and less effective in
quenching star formation.
Feedback models with no cosmic ray transport show
a puffed-up galactic disc (Uhlig et al. 2012; Ruszkowski
et al. 2017) in which the star formation rate is reduced
by lowering the mean thermal gas density through cos-
mic ray pressure support. It has been shown, how-
ever, that cosmic ray pressure supported systems can
be unstable to Rayleigh-Taylor like modes known as the
Parker Instability (Parker 1966).
Prior to its discovery in the galactic context, the sta-
bility of plane stratified media in the presence of a hor-
izontal magnetic field but no cosmic rays was analyzed
by Newcomb (1961). Newcomb showed that the sta-
bility criterion for this system reduces to the familiar
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Schwarzschild criterion:
−g
ρ
dρ
dz
− ρg
2
γgPg
> 0 (1)
for stability, where g is the magnitude of the gravita-
tional acceleration, ρ is density, Pg is gas pressure, and
γg is the adiabatic index. The magnetic field does not
appear explicitly in eqn. (1), but it affects stability
through its effect on the stratification. Newcomb’s cri-
terion holds in the limit of infinitely long wavelength
parallel to the magnetic field and infinitely short wave-
length in the horizontal direction perpendicular to it.
In his original paper, Parker (1966) revisited the sta-
bility of this stratified system accounting for cosmic rays.
Unstable perturbations are characterized by the mag-
netic field lines bending and the gas sliding down into
the valleys. The system releases gravitational potential
energy (which is destabilizing) but work must be done
to compress the gas and resist magnetic tension (which
are stabilizing). Parker assumed that the cosmic rays
act as γ = 0 fluid, which was consistent with the state
of knowledge at that time, and affect the stratification
only through their pressure gradient, which increases the
scale height of the gas. In this case, cosmic rays are
destabilizing.
Modal analysis shows that the growth time of the
most unstable mode is of order the freefall time (Parker
1966), while nonlinear simulations show the growth of
Rayleigh-Taylor like “mushrooms” (e.g. Santilla´n et al.
(2000)). Thus, any assessment of the Parker Instability
in a numerical model must address whether the insta-
bility can be resolved in length and time, as well as con-
sidering the input physics, the main sensitivities being
the equation of state of the gas and the transport model
for the cosmic rays.
Since Parker’s original work, further analysis on the
Parker Instability has been completed by a number of
different papers. Ryu et al. (2003) assumed finite dif-
fusion parallel and perpendicular to the magnetic field
and found that the parallel diffusion lowered the growth
rate of the instability, while a small perpendicular dif-
fusion had no noticeable effect. Kuwabara et al. (2004)
and Kuwabara & Ko (2006) also assumed finite diffu-
sion parallel to the magnetic field and found that the
growth rate decreased. This is due to the phase shift
and reduction in magnitude of the cosmic ray pressure
perturbation in the presence of diffusion.
In this paper, we assess the effects of cosmic ray trans-
port on the Parker Instability by considering two of the
main models, self confinement and extrinsic turbulence
(Zweibel 2017). In the self-confinement model, the cos-
mic rays excite Alfve´n waves through the streaming in-
stability if their bulk velocity, or anisotropy, exceeds
the Alfve´n speed vA (Kulsrud & Pearce 1969). These
waves scatter the cosmic rays, with the point of marginal
stability being cosmic ray isotropy in the frame of the
waves. These waves transfer this energy and momentum
to the thermal gas (Zweibel 2017). Another cosmic ray
transport model is the model of “extrinsic turbulence.”
In this model, the cosmic rays are driven to isotropy by
scattering off of waves that are a result of a turbulent
cascade, instead of being generated by the cosmic rays
themselves. In this model, cosmic rays transfer momen-
tum to the thermal gas through their pressure gradient,
but do not heat it. Although both models can accom-
modate diffusion, we neglect it in this work.
We discuss four different cases to obtain our even-
tual conclusions on the effect of cosmic ray transport
on stratified systems. After presenting the basic equa-
tions in §2, we review the overstability of acoustic waves
in the presence of cosmic ray streaming (Begelman &
Zweibel 1994) in §3.1. Then, we move into three differ-
ent versions of the Parker Instability. In §§3.2, 3.3, and
3.4 respectively, we reproduce the original result, then
modify the compressibility of the cosmic rays and then
finally add in cosmic ray streaming. In §4 we compare
the growth rates and domains of Parker Instability in the
three cases (§4.1), interpret the results by discussing the
positive and negative work terms in the growing modes
(§4.2), and compare the stability criteria derived in two
versus three dimensions. In §5 we summarize the main
results and conclusions.
2. SETUP OF THE PROBLEM
We assume a stratified system where the equilibrum
cosmic ray pressure Pc, thermal gas pressure Pg, thermal
gas density ρ, magnetic field B = Bxˆ, and gravitational
acceleration g = −gzˆ are all functions of z alone. The
general linearized equations for the perturbed quantities
are (Breitschwerdt et al. 1991):
∂δρ
∂t
= −δu · ∇ρ− ρ∇ · δu (2)
ρ
∂δu
∂t
= −∇(δPc + δPg) + J× δB
c
+
δJ×B
c
+ δρg
(3)
∂δB
∂t
= ∇× (δu×B) (4)
∂δPc
∂t
+ uA · ∇δPc = −(δu+ δuA) · ∇Pc
−γcPc∇ · (δu+ δuA)
(5)
∂δPg
∂t
= −δu · ∇Pg − γgPg∇ · δu
−(γg − 1)(uA · ∇δPc + δuA · ∇Pc)
(6)
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where u is the velocity, uA is the standard Alfve´n veloc-
ity, B/
√
4piρ, and γg and γc are the thermal gas and
cosmic ray adiabatic indices, respectively. Perturba-
tions are denoted by δ. Equations (2) - (6) describe
particle continuity, momentum conservation, magnetic
induction, cosmic ray energy, and thermal energy, re-
spectively. The energy equations include cosmic ray
streaming terms, consistent with the self-confinement
model. In our system, we had to assume there was a
very weak horizontal pressure gradient which couples
the cosmic rays to the background medium in equilib-
rium. We assume the cosmic rays are well-coupled and
neglect diffusion. We also assume that any effects from
thermal conduction are negligible.
The cosmic ray heating term is a result of the stream-
ing cosmic rays depositing energy into the waves. In
a steady state, these waves have constant amplitude,
so they must transfer the energy gained from the cos-
mic rays into the background medium through a damp-
ing mechanism such as ion-neutral friction (Kulsrud &
Pearce 1969), scattering by background magnetic in-
homogeneity (Farmer & Goldreich 2004), or a non-
linear mechanism (Kulsrud 2005). The Alfve´n speed
scales this heating term and is strongest in the self-
confinement model, while being zero in the extrinsic tur-
bulence model due to the presence of oppositely directed
waves which transfer energy to the cosmic rays rather
than absorbing energy from them (assuming the turbu-
lence is balanced).
It is worth noting that the velocity space anisotropy
required to excite the streaming instability generally re-
quires a cosmic ray pressure gradient parallel to the mag-
netic field. Thus, there is a slight inconsistency in taking
an equilibrium model which is homogeneous in the par-
allel direction. We resolve this by assuming, as Drury
& Falle (1986) and subsequent papers did, that there
is a parallel cosmic ray pressure gradient with scale L‖
and restricting our analysis to perturbations with par-
allel wavenumber k‖  L−1‖ . This suggests a corre-
sponding limiting perturbation amplitude such that the
linear analysis is valid: δPc/Pc < (k‖L‖)−1. Above this
amplitude, the streaming instability would excite waves
moving in the opposite direction. This nonlinear effect
will be included in future work.
In order to introduce notation and as a baseline for
the rest of this paper, we first revisit the overstability
of acoustic waves in a one-dimensional system due to
cosmic rays, first analyzed by Drury & Falle (1986) and
Begelman & Zweibel (1994). The acoustic case acts in
some respects as a simplified form of the Parker Instabil-
ity with streaming with which we can make comparisons
later in the paper.
Then, we take our stratified system and put it in two
dimensions for three different cases, all of which yield
the Parker Instability. We first reproduce the results
of Parker (1966), then modify his original case by tak-
ing γc = 4/3. Lastly, we take this modified case and
insert cosmic ray streaming. By examining all four of
these cases, we can compare the results of each and reach
conclusions about what is causing instability.
In all four cases, we follow the standard approach of
reducing the set of linear partial differential equations
for the state variables (δρ, δPg, δPc, δu, δB) to a set of
linear algebraic equations and deriving a dispersion re-
lation by setting the determinant of the system equal to
zero. The dispersion relations for the acoustic case and
classic Parker case are given in the main text. The dis-
persion relations for the modified Parker cases are given
in the Appendix because of their unwieldy length.
For simplicity and to facilitate comparison with non-
linear numerical simulations, we work in two dimensions
here. As mentioned in §1, the most unstable modes of
a stratified atmosphere with a horizontal magnetic field
occur in the limit of infinitely short horizontal wavenum-
ber perpendicular to B. By carrying out the analysis in
2D, we are likely to bracket the degree of instability
found in a 3D numerical simulation. In §4.3, we com-
pare the results of our 2D streaming case with the results
from the 3D streaming case and explain the differences
between the two models.
3. RESULTS
3.1. Overstability of Acoustic Waves
Here, we recover the dispersion relation for short wave-
length, acoustic waves propagating parallel to B (Begel-
man & Zweibel 1994). We drop all derivatives of back-
ground quantities and take B = Bxˆ. Thus, eqns. (2) -
(6) become:
∂δρ
∂t
= −ρ∂δux
∂x
(7)
ρ
∂δux
∂t
= − ∂
∂x
(δPc + δPg) (8)
∂δPc
∂t
+ uA
∂δPc
∂x
= −γcPc ∂
∂x
(δu+ δuA) (9)
∂δPg
∂t
= −γgPg ∂δux
∂x
− (γg − 1)uA ∂δPc
∂x
(10)
We also use:
δuA = −uA δρ
2ρ
(11)
We assume that these perturbed quantities depend on x
and t as ei(kx−ωt). Using eqn. (11) with this assumption,
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Figure 1. The value of c appears to have a larger effect on
stability as its growth causes the system to become stable as
we can see for values like m = 3. The behavior is different for
m as once it becomes unstable, increasing m just increases
the growth rate.
we reduce our equations to:
ωδρ = kρδux (12)
ωρδux = k(δPg + δPc) (13)
(ω − kuA)δPc = kγcPc(ux − uA δρ
2ρ
) (14)
ωδPg = kγgPgux + (γg − 1)kuAδPc (15)
The dispersion relation resulting from this linear system
is:
ω(ω − kuA)(ω2 − k2a2g)
−k2a2c(ω − kuA/2)(ω + (γg − 1)kuA) = 0
(16)
where we have followed Begelman & Zweibel (1994) in
defining a2g = γgPg/ρ and a
2
c = γcPc/ρ, the squared
gas and cosmic ray sound-speeds, respectively. Equa-
tion (16) agrees with the result of Begelman & Zweibel
(1994).
Now, we wish to determine the conditions under which
eqn. (16) predicts instability and see how the instability
grows as we change different parameters in the system.
We follow the definitions used by Begelman & Zweibel
(1994):
m ≡ uA
ag
, c ≡ ac
ag
, ωˆac ≡ ω
kag
(17)
Running a parameter study that iterates over these
quantities, we make the contour plot found in Figure
1 showing the dimensionless growth rate for different
values of m and c.
As discussed in Begelman & Zweibel (1994), the over-
stability of acoustic waves is due to cosmic ray heating.
No matter how small c is, a sufficiently large value of
m will yield instability through heating. On the other
hand, fixing m and letting c increase yields stable waves
driven by cosmic ray pressure as a restoring force for
sufficiently large c.
3.2. Classic Parker
We now reproduce the stability derivation of Parker
(1966). In this and the two following subsections, we
assume that in equilibrium the thermal gas is isothermal
(Pg/ρ is constant) and that the ratios of cosmic ray to
thermal pressure and magnetic to thermal pressure are
constant as well. Following Parker, we assume that the
cosmic rays behave as a γc = 0 fluid while affecting
the stratification through their pressure gradient. In
his original treatment, Parker neglected any cosmic ray
streaming terms. Therefore, for this case, we drop any
terms associated with uA since they represent our cosmic
rays streaming at the Alfve´n speed. We work in two
dimensions, assuming that perturbed quantities depend
on x and z.
We define a scale height as:
H =
H0
q
(18)
where H0 = a
2
g/g is a fiducial scale height and:
q ≡ γg
1 +
γg
γc
c2 +
γg
2 m
2
(19)
with m and c as defined in eqn. (17). With these as-
sumptions and definitions, ρ, Pc, Pg, and B
2 all depend
on z as e−z/H .
We nondimensionalize the perturbation quantities as
follows:
ωˆ =
ωH
ag
, kˆ = kH,
δˆρ =
δρ
ρ
, ˆδB =
δB
B
,
(20)
ˆδPc =
δPc
Pc
, ˆδPg =
δPg
Pg
,
α =
γgm
2
2
, β =
Pc
Pg
.
(21)
The α and β parameters are the same ones introduced
by Parker. The perturbed quantities have harmonic de-
pendence on x and t while the z dependences are:
δu ∝ e(ikzz+ z2H ), δP ∝ e(ikzz− z2H ), δB ∝ eikzz
(22)
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Using these definitions along with our previous defini-
tion of m (c = 0 here), our linearized equations are:
iωˆδρˆ− ikˆxδuˆx − (ikˆz − 1
2
)δuˆz = 0 (23)
iγgωˆ ˆδux − ikˆx(β ˆδPc + ˆδPg)− α ˆδBz = 0 (24)
iγgωˆ ˆδuz − (ikˆz − 1
2
)(β ˆδPc + ˆδPg + 2α ˆδBx)
+2iαkˆx ˆδBz − γg
q
δˆρ = 0
(25)
ωˆ ˆδBx − kˆz ˆδuz = 0 (26)
ωˆ ˆδBz + kˆx ˆδuz = 0 (27)
iωˆ ˆδPc + ˆδuz = 0 (28)
iωˆ ˆδPg − iγgkˆx ˆδux + (1− γg
2
− iγgkˆz) ˆδuz = 0 (29)
The resulting dispersion relation is:
γ2g ωˆ
4 − ωˆ2(γ2g + 2αγg)(kˆx
2
+ kˆz
2
+
1
4
) + kˆx
2
(
2αγg(kˆx
2
+ kˆz
2
)
−2(α+ β + 1
2
)− (α+ β)2 + γg(3α
2
+ β + 1)
)
= 0
(30)
which matches the result from Parker (1966). We then
let γg = 5/3, chose values for our two parameters m and
β, and solved the dispersion relation by running over
values of kˆx and kˆz. In Figure 2, we have plotted the
maximum growth rate vs. kˆx for different values of m
and β, while kˆz = 0, which maximizes the instability
with respect to kˆz. From Figure 2,we can observe that
an increase in the value of m leads to a larger maximum
growth rate and causes it to occur at a larger wavenum-
ber. Increasing β creates the same effect.
Another interesting comparison in this Classic Parker
case is to see how the instability changes as γg changes
from γg = 5/3 to γg = 1. It is argued in Parker (1966)
that γg = 1 is the correct value due to the radiative
efficiency of the gas and presumed constancy or even
decrease in the turbulent velocity dispersion with gas
density. In Figure 2, we have plotted the growth rates
for γg = 5/3 and γg = 1 to see the difference. As we
decrease the value of γg, we see that the system becomes
more unstable, as it takes less work to compress the gas
into the valleys of the undular perturbed magnetic field,
an effect also seen in Zweibel & Kulsrud (1975). This
begins to give us an indication of the effect that changing
the value of γc will have on the Modified Parker case.
3.3. Modified Parker
We now move to the Modified Parker case that
was first mentioned by Zweibel & Kulsrud (1975) and
Boettcher et al. (2016). In this case, the major difference
(a)
(b)
Figure 2. Plots (a) and (b) show the growth rate for Classic
Parker for different values of m and β with γg = 5/3 (a) and
γg = 1 (b). As we increase both m and β, we note that
the unstable modes occur over a larger range of kˆx values
and the growth rate peaks at a greater value. We also note
that as γg gets smaller from (a) to (b), the growth rate gets
slightly larger and the system is unstable over a larger range
of kˆx values.
is that instead of letting γc = 0 as in Parker’s original
treatment, we set γc = 4/3, which is consistent with
the extrinsic turbulence model of cosmic ray transport.
In this case, instead of using α and β in our equations,
we return to using m and c defined in eqn. (17). Since
γc is no longer zero, we also redefine our dimensionless
quantities for δPg and δPc where:
ˆδPc =
δPc
γcPc
ˆδPg =
δPg
γgPg
(31)
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Our other dimensionless quantity definitions are as in
eqn. (20). Furthermore, we continue to assume the
same exponential dependence on x, z, and t as we used
for Classic Parker. Again ignoring the streaming terms,
the linearized equations are:
iωˆδˆρ− ikˆx ˆδux − (ikˆz − 1
2
) ˆδuz = 0 (32)
iωˆ ˆδux − ikˆx(c2 ˆδPc + ˆδPg)− m
2
2
ˆδBz = 0 (33)
iωˆ ˆδuz − (ikˆz − 1
2
)(c2 ˆδPc + ˆδPg +m
2 ˆδBx)
+im2kˆx ˆδBz − 1
q
δˆρ = 0
(34)
ωˆ ˆδBx − kˆz ˆδuz = 0 (35)
ωˆ ˆδBz + kˆx ˆδuz = 0 (36)
iωˆ ˆδPc − ikˆx ˆδux + ( 1
γc
− ikˆz − 1
2
) ˆδuz = 0 (37)
iωˆ ˆδPg − ikˆx ˆδux + ( 1
γg
− ikˆz − 1
2
) ˆδuz = 0 (38)
As with the Classic Parker case, we choose a value for
γg, select values for m and c, and solve the eigenvalue
problem corresponding to the linearized equations by
running over values of kˆx and kˆz. We have provided
the dispersion relation for this system as eqn. A3 in
Appendix A.
In Figure 3, we again plot the maximum growth rate
vs. kx for γg = 5/3 (a) and γg = 1 (b), the same values
of m and kˆz = 0. We choose the values of c that would
correspond to the same value of β for γc = 4/3. We have
omitted the c = 2 contour corresponding to the contour
in Figure 2 where we increased c to c = 2 and kept m
constant. The reason for this is that the c = 2 case had
no unstable modes. This is largely due to the fact that
with the change of γc from 0 to 4/3, the cosmic rays act
as a stabilizing force in this system, as evidenced by the
lower growth rate seen when c is increased from c = 1
to c = 1.2. The increase in the cosmic rays’ adiabatic
index means that they are harder to compress in our
fluid model, which offsets the potential energy liberated
by moving thermal gas into the magnetic valleys. As
expected, however, the growth rates are higher for the
softer thermal gas equation of state.
3.4. Modified Parker with Cosmic Ray Streaming
For our final model, we now insert cosmic ray stream-
ing into our Modified Parker Case. Therefore, in our
linearized equations, we now add back in the stream-
ing terms from the self-confinement model of cosmic ray
transport which are associated with the Alfve´n speed.
We keep the same definitions for our dimensionless quan-
tities from eqns. (20) and (31) and so our linearized
(a)
(b)
Figure 3. Plots (a) and (b) show the growth rate for Mod-
ified Parker for different values of m and c with γg = 5/3
(a) and γg = 1 (b). We have neglected the c = 2 contour
here as when c was increased to that value, the instability
disappears. As we increase the value of m, however, the in-
stability occurs over a larger range of wavelengths and peaks
at a greater value, as we saw for Classic Parker, while the
growth rates are slightly larger for the lower value of γg.
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equations are:
iωˆδˆρ− ikˆx ˆδux − (ikˆz − 1
2
) ˆδuz = 0 (39)
iωˆ ˆδux − ikˆx(c2 ˆδPc + ˆδPg)− m
2
2
ˆδBz = 0 (40)
iωˆ ˆδuz − (ikˆz − 1
2
)(c2 ˆδPc + ˆδPg +m
2 ˆδBx)
+im2kˆx ˆδBz − 1
q
δˆρ = 0
(41)
ωˆ ˆδBx − kˆz ˆδuz = 0 (42)
ωˆ ˆδBz + kˆx ˆδuz = 0 (43)
(iωˆ − ikˆxm) ˆδPc + ikˆxm
2
δˆρ− ikˆx( ˆδux +m ˆδBx)
+(
1
γc
− ikˆz − 1
2
)( ˆδux +m ˆδBz) = 0
(44)
iωˆ ˆδPg − ikˆx( ˆδux +mc2(γg − 1) ˆδPc)
+(
1
γg
− ikˆz − 1
2
) ˆδuz +
mc2
γc
(γg − 1) ˆδBz = 0
(45)
As with the Modified Parker case, we consider both
γg = 5/3 and γg = 1 and set γc = 4/3. We again select
values for m and c and numerically solve the dispersion
relation by running over values of kˆx and kˆz. The dis-
persion relation for this system is also provided by eqn.
A4 in Appendix A.
We plot the maximum growth rate vs. kˆx for this
case in Figure 4, using the same values of m, c, and kˆz
as before.
As with the previous two cases, increasing the ratio
of the Alfve´n speed to the gas sound-speed causes the
system to become more unstable. However, in this fi-
nal case, for the values of m and c that we have used
throughout the three cases and γg = 5/3, the system
never reaches a stability boundary as it does in the other
two cases. In contrast, setting γg = 1 eliminates cosmic
ray heating and produces results which are very similar
to the Modified Parker case. This strongly implicates
cosmic ray heating as the source of enhanced instability.
4. PHYSICAL INTERPRETATION
Having outlined each case separately, we now compare
their results and aim to determine what is causing the
instability. First, we analyze the three contour plots for
each case and compare the domain of instability as well
as the growth rate of these instabilities. Then, we de-
termine the work contributions from the different com-
ponents in each of our systems to see what is stabilizing
the system and what is creating instability. Finally, we
compare the two dimensional streaming case to its three
dimensional counterpart.
(a)
(b)
Figure 4. Plots showing the growth rate for Modified Parker
with Cosmic Ray Streaming for γg = 5/3 (a) and γg = 1 (b),
and different values of m and c. In (a), as we increase both m
and c, the instability occurs over a larger domain and peaks
at a larger value, as we previously saw for the Classic Parker
Case. Note that this differs from the Modified Parker Case
where increasing the value of c led to no unstable modes.
For (b), the cosmic rays are advected relative to the thermal
gas but do not heat it. This results in slightly larger growth
rates than for Modified Parker, but is otherwise similar to
that case.
4.1. The Effect of Streaming
The three contour plots of growth rate from the cases
we have outlined in this paper are shown in Figure 5.
Between the three plots, we have used three different
bar legends which show the ranges of the dimensionless
growth rate. We also have used different domains for the
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dimensionless kˆx and kˆz in order to more easily show the
full range of unstable modes in the three cases. For all
three plots, we have let m = 1.5 and β = 1.25 which
means c = 1 in the final two plots.
If we just compare Classic Parker with the Modified
Parker case, we see that changing γc = 0 to γc = 4/3
almost completely stabilizes the system. In fact, not
only does the range of unstable modes significantly de-
crease but the growth rate decreases by a factor of about
500 as well. As we increase the value of γc, the cos-
mic rays require more energy to be compressed. There-
fore, this offsets gravitational potential energy released
by gas sliding downward into the magnetic valleys, help-
ing to stabilize the system and explaining the large gap
in growth rates and domain of instablility between the
two cases.
If we compare the Modified Parker case then to the
Modified Parker with Streaming, we see that the system
becomes much more unstable. The maximum growth
rate is larger by a factor of about 700, the horizontal
wavelength of the fastest growing mode decreases, and
the range of instability is larger as well. Therefore, the
instability grows more quickly and the maximum growth
rate requires a finer grid to resolve numerically.
Furthermore, even comparing the Modified Parker
with Streaming to Classic Parker, we see that the max-
imum growth rate slightly increases and that the range
of instability almost doubles. Therefore, the Modified
Parker with Streaming is our most unstable case.
As a numerical example, we let m = 1.5, c = 1,
γg = 5/3, γc = 4/3, ag = 10 km/s, H = 248 pc, and
kˆz = 0 since the maximum always occurs on the kˆx axis.
For the Modified Parker case, we find the approximate
maximum growth rate of ωˆi ≈ 0.011447 occurs at about
kˆx ≈ 0.075, which for no streaming is close to the insta-
bility threshold. This leads to a growth time of t ≈ 2.12
Gyrs. and a wavelength of λ ≈ 20.8 kpc. However, if
we add in streaming for the same values, the maximum
growth rate jumps to ωˆi ≈ 0.68251 at kˆx ≈ 1.4. This
translates to a growth time of t ≈ 35.6 Myrs. and a
wavelength of λ ≈ 1.11 kpc. If we omit streaming but
set γg = 1, the approximate maximum growth rate is
ωˆi ≈ 0.249967 at kˆx ≈ 0.35. The growth time is then
t ≈ 97.1 Myr. and the wavelength is λ ≈ 4.45 kpc.
We can compare these numbers with the parameter
values used in the galaxy model from Ruszkowski et al.
(2017). In their paper, they assumed that γc = 4/3 and
γg = 5/3, but cooling was included, making the effective
γg smaller. Simulation results are plotted out to 500
Myr, and the highest spatial resolution corresponded to
195 pc. Based on our results, their puffed-up disk with
no cosmic ray streaming may have been stabilized by
(a)
(b)
(c)
Figure 5. The contour plots of growth rate for the three
Parker cases we have investigated in this paper. Note the
different domains of kˆx and kˆz in the graphs as well as the
different ranges for ωˆ in the bar legend. In all three cases,
γg = 5/3.
Parker with Streaming 9
Table 1. Unstable Mode Work Contributions
Terms Acoustic Classic Parker Modified Parker Modified Parker with Streaming
Parameter Values c = 3; m = 1.9 c = 1;m = 1.5 c = 1; m = 1.5 c = 1; m = 1.5
Gas Pressure −δu · ∇δPg + − − +
Cosmic Ray Pressure −δu · ∇δPc − + − −
Gravity −δuzgδρ N/A + + −
Magnetic Pressure −δuz ∂∂z BδBx4pi N/A − − −
Magnetic Buoyancy δux
δBz
4pi
dB
dz
N/A + + +
Magnetic Tension δuz
B
4pi
∂δBz
∂x
N/A − − −
Note—The “+” means that the system is contributing positive work and therefore is destabilizing the system. The “−” means
that the system is contributing negative work and so is stabilizing the system. For the acoustic case, only the cosmic ray
pressure and gas pressure could contribute to the work from their perturbations so the other quantities are not applicable for
that case.
the stiff cosmic ray equation of state. However, near
threshold, the simulation would have needed to run 4×
as long to allow the instability to develop. With γg = 1
or streaming inserted, the instability would have been
only marginally spatially resolved (however, including
streaming leads to development of a wind).
4.2. Work Contributions
We now aim to determine what is responsible for sta-
bilizing and destabilizing the system. In order to do this,
we look at the momentum conservation equation (3) for
both the x and z directions for the four cases. If we take
the scalar product with δu and time average, we can de-
termine the total work done for the unstable modes of
each case. Furthermore, in each of these cases, we can
look at the contribution from each of the perturbation
quantities separately to determine what quantities are
stabilizing and destabilizing the system. Table 1 shows
the unstable mode work contributions. We chose the
mode that was closest to the stability boundary to see
how the mode behaved as it prepared to transition to
stability.
For the unstable modes, the Classic Parker and Modi-
fied Parker work contributions are pretty similar except
for the cosmic ray pressure contribution. It destabilizes
Classic Parker while stabilizing Modified Parker which
appears to be due to the change in γc. As we stated
before, this change means more energy is required to
compress the cosmic rays and so they stabilize the Mod-
ified Parker case. The Modified Parker with Streaming
is quite different from these two cases, however. With
streaming, the cosmic rays and gravity become stabiliz-
ing while the gas becomes destabilizing.
Based on the numerical results around this stability
boundary, for our chosen m and c, the gas pressure
contributes about 2.5× the work done by the magnetic
buoyancy and therefore is largely responsible for the
instability of these modes near the stability boundary.
Note that thermal gas pressure is also destabilizing in
the acoustic case, where it is understood to be the re-
sult of heating the gas during its phase of compression
(Begelman & Zweibel (1994)). Therefore, we attribute
the enhancement of the Parker Instability by cosmic ray
streaming to an analogous effect.
This conclusion is bolstered by comparison of plots 4a
and 4b, which differ mainly in that cosmic ray heating
is present in (a) but not in (b). A similar analysis of
the stable mode work contributions is consistent with
these results, showing that the cosmic ray heating is
destabilizing the system while terms like the magnetic
pressure are keeping it stable.
4.3. 2D vs. 3D
As we mentioned in §2, we assumed for our different
cases of the Parker Instability that our perturbations
only depended on two coordinates, x and z. However, it
is known from previous analysis (Newcomb 1961; Parker
1966) that the most stringent instability criterion is ob-
tained in three dimensions and holds in the limit of in-
finitely short wavelength in the horizontal direction per-
pendicular to B. While we have no guarantee that this
is also true in the presence of cosmic ray streaming, and
direct numerical simulations cannot achieve this limit,
it seems only prudent to consider it here. We hope that
by doing so we can bracket the stability criterion that
would hold for a 3D system simulated with finite numer-
ical resolution.
Therefore, in this section, we aim to compare our 2D
streaming case to the same system, but in 3D. For the
3D case, instead of ky → 0 as in the 2D case, we assume
that ky → ∞. By assuming that ky → ∞, we fol-
low the original treatment from Newcomb (1961), which
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showed that the most unstable perturbations have a
parallel wavenumber kx → 0, horizontal perpendicular
wavenumber ky → ∞, and total pressure perturbation
of approximately zero. This minimizes the stabilizing
effects of magnetic tension and total pressure, which
would exert Alfvenic and magnetosonic restoring forces.
For the 3D case, a similar analysis to the one we per-
formed in 2D along with using the assumptions listed
above leads to the dispersion relation:
ω2 − k2u2A = −
g
ρ
dρ
dz
− (ω
2 − k2u2A)ρg2
ΓΠ(ω2 − k2u2A) + ρk2u4A
(46)
where:
ΓΠ = ρu2A + γgPg + γcPc
ω − kuA/2
ω − kuA (1 + (γg − 1)
kuA
ω
)
(47)
which allows us to plot its result against the 2D plot to
get the limits on the 3D instability.
In Figure 6, we have plotted the 2D maximum growth
rate versus the 3D maximum growth rate for the Mod-
ified Parker with Streaming case and Modified Parker
case in terms of the same dimensionless units. The re-
sults of these plots match the conclusions of Newcomb
(1961) where the most unstable mode had ky →∞ with
a total pressure perturbation of zero. For all three val-
ues of m and c in the plots, we see that the 3D case
is always unstable over a larger range of wavenumbers.
However, while for the Modified Parker case the 2D case
always has a lower maximum growth rate than the 3D
case, for the Modified Parker with Streaming case the
maximum growth rate is actually larger in the 2D case.
This is a result of the reduced role of pressure in driving
the 3D instability.
5. SUMMARY & CONCLUSIONS
Cosmic rays have recently emerged as one of the “big
three” agents of star formation feedback, the other two
being thermal pressure and radiation pressure. Unlike
thermal gas, cosmic rays cool relatively slowly, and up to
now there has been no evidence that cosmic rays, unlike
radiation, preferentially escape along the lowest density
paths.
In this paper, we have aimed to determine the ef-
fects of the cosmic ray equation of state and cosmic
ray streaming on the Parker Instability. In essence,
this is an exploratory study to assess the role of cos-
mic rays in sculpting their own environment. It should
be viewed as complementary to studies such as Farber
et al. (2017) and Wiener et al. (2017), which explore
the coupling between cosmic rays and interstellar gas in
different phases.
Here, we give a review of our main results.
(a)
(b)
Figure 6. These plots shows the difference in growth rate for
the 2D and 3D cases of the Modified Parker with Streaming
case and the Modified Parker case Note we have chosen three
different combinations of m and c values. The dashed line is
the 3D case, while the solid line is the 2D case. For the 2D
case, ky = 0 and for the 3D case, ky → ∞. Note that the
2D case is always unstable over a smaller domain than the
3D case.
The original result of Parker in 2D treated the cosmic
rays as a γc = 0 fluid. We found that by modifying the
treatment to let γc = 4/3, the system becomes much
more stable, as argued qualitatively in Zweibel & Kul-
srud (1975) and Boettcher et al. (2016). This is due to
the extra work required to compress the cosmic rays as
they flow into the magnetic valleys. The result is that
the puffed up galactic disks seen in models without cos-
mic ray transport (Uhlig et al. (2012); Ruszkowski et al.
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(2017)) may be more stable than the classic treatment
of the Parker Instability would imply.
However, once cosmic ray streaming at the Alfve´n
speed was introduced, the system becomes extremely
unstable over a much larger range of wavenumbers.
With cosmic ray streaming, the instability can grow
about 100× faster at a wavelength that is about 20×
smaller than it does in the modified system as long as
the thermal gas has an adiabatic index γg = 5/3. If
γg = 1, streaming has a much smaller effect (Figure 4).
We attribute the difference to the destabilizing effect of
cosmic ray heating. This is a much shorter wavelength
instability than Classic Parker, and requires numerical
resolution below 100pc to appear. This result also shows
the importance of a full thermodynamic treatment of
the gas that includes heating and cooling beyond sim-
ply prescribing a polytropic index.
Comparison of the three Parker Instability cases,
along with analysis of the work contributions compared
with the overstability of acoustic waves, further indi-
cates that cosmic ray heating is the destabilizing effect.
Similar analysis of the same cases in 3D for ky →
∞ allowed us to compare its results to our 2D cases.
The 3D case was found to be unstable over a larger
range of wavelengths than the 2D case. These two cases
together give us our upper and lower limits on the range
of unstable modes and the maximum growth rate for the
Parker Instability with Streaming.
Based on these results, we believe that the Parker In-
stability, with cosmic ray streaming, may have a non-
negligible effect in star forming galaxies. Therefore, it
may be important to carry out simulations at sufficient
resolution to see if the puffed-up discs found in some of
these simulations are truly stable.
However, this analysis of the instability is not fully
complete. A full analysis would include diffusion, ther-
mal conduction, and radiative cooling. These topics,
along with nonlinear simulations, will be included in fu-
ture work.
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and Josh Wiener as well as the support of the Vilas
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the hospitality of the University of Chicago, where a
portion of this work was carried out.
APPENDIX
A. MODIFIED PARKER DISPERSION RELATIONS
We now provide the dispersion relations for both the Modified Parker and the Modified Parker with Streaming cases.
First, in order to allow for easy comparison, we rewrite the dispersion relations for the overstability of acoustic waves
and for Classic Parker from eqns. 16 and 30. The acoustic dispersion relation is:
ω(ω − kuA)(ω2 − k2a2g)− k2a2c(ω − kuA/2)(ω + (γg − 1)kuA) = 0 (A1)
The Classic Parker dispersion relation is:
γ2g ωˆ
4 − ωˆ2(γ2g + 2αγg)(kˆx
2
+ kˆz
2
+
1
4
) + kˆx
2
(
2αγg(kˆx
2
+ kˆz
2
)− 2(α+ β + 1
2
)− (α+ β)2 + γg(3α
2
+ β + 1)
)
= 0 (A2)
using the same dimensionless definitions as used in eqns. 17, 19, 20, and 31. For Modified Parker, using the dimen-
sionless eqns. 32-38, we are able to gain the dispersion relation:
iωˆ7
(
− 4c2γcγgkˆx2q − 4γcγgkˆz2q
(
c2 +m2 + 1
)
− 2c2γg(−1 + 2ikˆz)q − c2γcγgq
−4γcγgkˆx2m2q − 4γcγgkˆx2q + 2γcγg(−1 + 2ikˆz)− 2iγckˆzq
(
γgm
2 + 2
)
− γcγgq + 2γcq
)
+iωˆ5
(
4
(
c2 + 1
)
γcγgkˆx
4
m2q + 4c2γcγgkˆx
2 − 4c2γgkˆx2 + c2γcγgkˆx2m2
(
4kˆz
2
q + q
)
+ 4γcγgkˆx
2
−4γckˆx2 + 4γcγgkˆx2kˆz2m2q − 2γcγgkˆx2m2 + γcγgkˆx2m2q
)
+4iγcγgqωˆ
3 = 0
(A3)
where each term is defined as before according to eqns. 17, 19, 20, and 31. We have organized the dispersion relation
based on the power of ωˆ associated with each term. Note that there are three roots for which there is no propagation
and are trivial.
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We can also get the dispersion relation for the Modified Parker with Streaming case. We now use the dimensionless
eqns. 39 and 45. The resulting dispersion relation is:
8γcγgq(iωˆ
7 − ikˆxmωˆ6)
+iωˆ5
(
− 8c2γcγgkˆx2q − 2c2γgq
(
γc + 4γckˆz
2
+ 4ikˆz − 2
)
− 4γcγg − 8γcγgkˆx2m2q − 8γcγgkˆx2q
−8γcγgkˆz2
(
m2 + 1
)
q + 8iγcγgkˆz − 4iγckˆzq
(
γgm
2 + 2
)
− 2γcγgq + 4γcq
)
+iωˆ4
(
− 4c2γcγg(2γg − 3)kˆx3mq + c2γgkˆxmq
(
γc(3− 2γg) + 4γc(3− 2γg)kˆz2 + 8ikˆz − 4
)
+ 8γcγgkˆx
3
m3q + 8γcγgkˆx
3
mq
+8γcγgkˆxkˆz
2
m
(
m2 + 1
)
q + 4iγckˆxkˆzmq
(
γgm
2 + 2
)
− 8iγcγgkˆxkˆzm+ 4γcγgkˆxm+ 2γcγgkˆxmq − 4γckˆxmq
)
+iωˆ3
(
4c2γcγ
2
g kˆx
4
m2q + 4c2γcγgkˆx
4
m2q + 8c2γcγgkˆx
2 − 8c2γgkˆx2 + c2γcγg(γg + 1)kˆx2
(
4kˆz
2
+ 1
)
m2q
+8γcγgkˆx
4
m2q + 8γcγgkˆx
2 − 8γckˆx2 + 8γcγgkˆx2kˆz2m2q − 4γcγgkˆx2m2 + 2γcγgkˆx2m2q
)
+iωˆ2
(
4c2γcγg(2γg − 3)kˆx5m3q + c2γcγg(2γg − 3)kˆx3m3
(
4kˆz
2
q + q
)
+ 4c2γcγg(2γg − 3)kˆx3m+ 8c2γgkˆx3m
−8γcγgkˆx5m3q − 8γcγgkˆx3kˆz2m3q + 4γcγgkˆx3m3 − 2γcγgkˆx3m3q − 8γcγgkˆx3m+ 8γckˆx3m
)
+iωˆ
(
− 4c2γc(γg − 1)γgkˆx6m4q − c2γc(γg − 1)γgkˆx4
(
4kˆz
2
+ 1
)
m4q − 4c2γcγ2g kˆx
4
m2 + 4c2γcγgkˆx
4
m2
)
= 0
(A4)
where again each term is defined according to eqns. 17, 19, 20, and 31. We have also organized this dispersion relation
by the power of ωˆ associated with each term. Again, note for this case that there is one mode which has no propagation
and is trivial.
Finally, we can also get the dispersion relation for Modified Parker with Cosmic Ray Streaming in a 3D analysis
where ky →∞ and the total pressure perturbation goes to zero. This dispersion relation is:
ωˆ(
ˆ
ω −mkˆx)[(ωˆ2 −m2kˆx2 − 1
q
){(ωˆ2 −m2kˆx2)(1 +m2) +m4kˆx2}+ 1
q2
(ωˆ2 −m2kˆx2)]
+c2(ωˆ2 −m2kˆx2)(ωˆ2 −m2kˆx2 − 1
q
)(ωˆ − mkˆx
2
)(ωˆ + (γg − 1)mkˆx) = 0
(A5)
where the dimensionless quantities are defined the same as in the 2D analysis.
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